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Abstract. It is shown that the set of inherent ambiguity functions for
context-free languages and the set of ambiguity functions for cycle-free
context-free grammars coincide. Moreover for each census function ~ of
an unambiguous context-free language the least monotone function larger
than or equal to 7 is an inherent ambiguity function. Both results are
based on a more general theorem. Informally it states that the loss of
information induced by a length preserving homomorphism on an unam-
biguous context-free language can be turned into inherent ambiguity.

1 Introduction

A context-free (for short cf) grammar G is ambiguous if there is some word w
which can be derived by G with at least two different derivation trees. Other-
wise G is unambiguous. A cf language is (inherently) ambiguous if it cannot
be generated by an unambiguous cf grammar. The existence of ambiguous cf
languages is shown in [5]. Ambiguous cf grammars and languages can be dis-
tinguished by their degree of ambiguity, that is, the least upper bound for the
number of derivation trees which a word may have. There are examples for k
ambiguous languages for all k& € N [3]. But even languages with infinite degree of
ambiguity exist [2]. They can be distinguished by the asymptotic behaviour of
their ambiguity with respect to the length of the words. In [6] it has been shown
that each cf grammar is either 2°(")- or O(n*)-ambiguous for some computable
k € N. Languages with inherent ambiguity 2" and @(n*) for all k € N are
presented in [4]. Languages with sublinear ambiguity are presented in [7].

So far the questions whether for a given function f there is an f-ambiguous
cf grammar or whether there is an f-ambiguous cf language have been studied
separately. The latter question is considered to be much harder then the first
one. In this paper we reduce the problem for cf languages to the corresponding
problem for cycle-free c¢f grammars.

In Section 3 for each pair consisting of an unambiguous cf language L and
a length preserving homomorphism h we show a strong connection between the
loss of information induced by h on L, and the ambiguity of the constructed cf
language. In Section 4 we apply the results of Section 3 and obtain:



— The least monotone function 4 larger than or equal to the census function
of an arbitrary unambiguous cf language is an inherent ambiguity function.
(See Definition 4.1.)

— The set of ambiguity functions for cycle-free context-free grammars and the
set of inherent ambiguity functions for cf languages coincide.

2 Preliminaries

Let A be a set. Then |A| denotes the cardinality of A and 2 the power set
of A. For arbitrary i,j € N the interval from i to j is [i,j] == {k e N | i <
k < j}. We generally assume alphabets to be finite. Let A be an alphabet. Let
u:=aj---a, € A* be a word, where a; € A for all i € [1,n]. The symbol at
position i is u[i] := a;. The length of u is |u| = n. The words over A of length
at most n are denoted by AS" := {w € A* | |w| < n}. The empty word ¢ is
the unique word with length 0. For all ¢ € [1,n + 1] and j € [0,n] we define
the factor of u from position ¢ to position j as u[i,j] == a;---a;. If j < ¢ then
ult, j] = e. The word u[l,j] is a prefiz of u, it is a proper prefix if j < n. The
word u[é,n] is a suffiz of u. A homomorphism h : A* — I'* is length preserving
if |h(X)| = 1 for all X € A. The projection on a subalphabet I' C A is the
homomorphism 7y : A* — I'* given by np(X) = X for X € I and 7np(X) = ¢
for X € A\T.If A and I' are two alphabets then we call a homomorphism
h: A* — 2T a substitution, where the operation on 2! is the concatenation of
languages defined by Ly - Ly := {uv | u € Ly and v € Ly}.

A context free grammar is a quadruple G = (N, A, P,S) where N and A
are two disjoint alphabets of nonterminals and terminals, respectively, P C
N x (N UA)* is a finite set of productions, and S € N is the start symbol.

The usual way to continue at this point is to introduce a derivation relation
and sentential forms. A sentential form can be considered as the sequence of
leaves obtained from the preorder traversal of a derivation tree. But for ambiguity
considerations we need a formalism which describes derivation trees completely.
The well-known left parse of a derivation tree can be used for this purpose if
we restrict ourselves to trees without nonterminal leaves. The left parse of a
tree can be seen as the result of a preorder traversal of a derivation tree, where
the internal nodes are represented by the productions applied to them, while
the leaves are omitted. Thus sentential forms and left parses are complementary
parts of derivation trees. It is useful to shuffle both according to the preorder
thus forming a single more general tree formalism.

The tree alphabet of a cf grammar G = (N, A, P,S)is T ;= NUAUP. A
word p € T¢ is a partial derivation tree of G if

(1) pe NUA or
(2) it p =11 (X, @)ars for some partial derivation tree 71 X7 and (X, «) € P.

Note that (X, ) is a single letter of the tree alphabet. The set of G’s partial
derivation trees is denoted A¢. It is easily seen that A € NUAUPT. The root
of a partial derivation tree p is Jz(p) ;= pif p € NUA and 1z(p) := X if p =



(X, a)T for some (X, ) € P and 7 € Tg. The frontier of pis | (p) = mnua(p)-
If 7z(p) = S then the frontier of p is a sentential form. We drop the subscripts
if G is clear from the context. The arrows for the root and the frontier of partial
derivation trees point into the direction where they are usually displayed in a
diagram. A node of p is an element of [1,|p|]. A node i is a leaf if p[i] € N U A,
it is an internal node if p[i] € P. The label of a node 7 is pi] if i is a leaf and
it is the left-hand side of the production p[é] if ¢ is an internal node, i.e., it is
X € N if pli] € {X} x (VU A)*. The set of G’s derivation trees is defined by
Ag:={pe€ g |1p) =5 N [(p) € A*}. The context-free language generated
by G is L(G) = {l(p) | p € Ag}. The grammar G is cycle-free if for all p € Ag
the equation (p) = [(p) implies p € N U A, otherwise it is called cyclic. It is
reduced if for each X € N there are 7,79 € TS and p € {X} x (N U A)* such
that T1pmy € Ag. Finally it is e-free if P C N x (N U A)™.

The set of mappings from a monoid M into a semiring S is denoted S{M)).
An element r € S{M)) is a formal power series. For m € M the value r(m) is
called coefficient of m. A formal power series can be represented by a formal sum
7= enm T(m)m. For r € N((A*)) we define 7 : N — N by #(n) := max{r(w) |
w € AS"}. The characteristic ambiguity power series of G is the formal power
series dg := Y, c - |Ac(w)] - w where Ag(w) := {p € A¢ | [(p) = w} for each
w € A*, i.e., the coefficients of dg are the numbers of derivation trees for the
corresponding words. The function de is called the ambiguity function of G. It
maps each n € N to the ambiguity of the most ambiguous word of length up
to n. The grammar G is dg-ambiguous. We call G k-ambiguous for a k € N if
JG is bounded by k but not by k — 1. It is unambiguous if it is 1-ambiguous or
0-ambiguous. Note that a cf grammar is 0-ambiguous if and only if L(G) = 0.

Let f : N — N be a monotone function. A cf language L is O(f)-ambiguous
if it is generated by a cf grammar G such that dg € O(f), it is £2(f)-ambiguous
if it is only generated by cf grammars G’ such that dg € 2(f), and it is O(f)-
ambiguous if it is O(f)- and £2(f)-ambiguous. But the O and {2 notations are
very rough for low ambiguities and at the same time too precise for exponen-
tial ambiguity. For example with this notation all constant degrees of ambiguity
would be subsumed to ©(1)-ambiguity. On the other hand exponentially ambigu-
ous languages are 2°(")-ambiguous but not £2(2°")-ambiguous for any ¢ € R.
While the O and {2 notations specify the value of a function up to a constant
factor for a fixed argument, in our setting it is more appropriate to specify the
length of a word (argument) up to a constant factor for a fixed ambiguity (value).
This leads us to the following definition:

Definition 2.1. Let L be a cf language and f : N — N a function. The language
L is f-ambiguous if

(1) there is a cf grammar G such that L = L(G) and f = dg and
(2) for each cf grammar G’ such that L = L(G') there exists a ¢ € N such that

f(n) <dg (c-n) for alln € N\ {0}.

We implicitly identify the constant k € N with the corresponding constant func-
tion. A language is unambiguous if it is 1-ambiguous or 0-ambiguous.



A function f: N — N is an inherent ambiguity function if there is a cf language
L such that L is f-ambiguous. If L is f-ambiguous then L is f’-ambiguous for
all monotone functions f’ such that f’ agrees with f for all but a finite number
of arguments. Note that it is not clear whether each context-free language has
an inherent ambiguity function.

It is easily seen that derivation trees cannot overlap, i.e., no non empty
suffix of a partial derivation tree is a proper prefix of a partial derivation tree.
Moreover each position in a partial derivation tree p € Ag is the beginning
of a uniquely determined partial derivation tree. That is, for each ¢ € [1,]p|]
there is a uniquely defined j € [4, |p|] such that p[i,j] € Ag. If p[i, j] € Ag we
call p[i,j] a subtree of p and the interval [i,j] a phrase of p. Then the word
pll,i — 1] - Wpli, 5]) - pli + 1, |pl] € Ag is called the remainder tree obtained by
truncation of the phrase [, j]. Obviously we can append a partial derivation tree
p with root X to a leaf ¢ of a partial derivation tree p, labelled with X, by
a replacement of p[i] with p’. Let G = (N, A, P, S) be a reduced cf grammar.
The terminals of a partial derivation tree p € Ag \ A can be retrieved from
the remaining symbols, i.e., the restriction of the projection mpyn to Ag \ 4 is
injective. Therefore we define the parse of a partial derivation tree p € Ag \ A,
as a more compact tree representation, by parses(p) := mpun(p). The reader
familiar with the notion of left parses may note that parse(p) and the left parse
of p coincides for all derivation trees. But in contrast to the left parse, which is
only defined for partial derivation trees of the form (PU A)*(N U A)*, our parse
notion is a unique representation for all partial derivation trees, but those in A.
We extend the parse notion in the natural way to sets and observe:

Lemma 2.2. For each context-free grammar G the sets A, Ag, parseq(Ag),
and parses(Ag) are unambiguous context-free languages.

We take Ogden’s iteration Lemma for cf grammars and for cf languages
presented in [1, Lemma 2.3 and 2.5] and combine them to:

Lemma 2.3. For each context-free grammar G = (N, A, P, S) there is an in-
teger n € N such that for each p € Ag and any choice of at least n marked
positions in p there are o, B3,7,0,m € T and a nonterminal X € N such that:

(1) p = aByn.

(2) (o and 8 and v) or (v and § and n) contain at least one marked position.
(8) 36 contains at most n marked positions.

(4) aBivdin € Ag and a3 X6, Bivdt, B X6 € Ag for all i € N.

A tuple ¥ = (Jo| + 1, |af|, |aBy| + 1, |aBvd]) satisfying the conditions above
is called a pumping phrase and (vd the subtree corresponding to . Note that
p € Ag implies |[(p) € L(G). Therefore, if we only mark leaves in p we obtain
Ogden’s iteration Lemma for cf languages. The advantage of pumping derivation
trees instead of their frontiers is that they have a unique phrase structure even
if the generated words are ambiguous. As we will see this additional information
can be useful if we generate a sequence of derivation trees by applications of
Ogden’s iteration Lemma with intermediate shifts of the marked positions.



3 The Hiding Theorem

In this section it is shown how the loss of information induced by a length
preserving homomorphism can be turned into inherent ambiguity.

Definition 3.1. For the remainder of the section we define the pairwise disjoint
alphabets ', {0,1}, and A :={ay,...,ar}. Further L C A* is an unambiguous
context-free language, h : A* — I'* a length preserving homomorphism, p € N a
positive integer, and q := p! + p.

First we define a system of languages which has an “inherent capacity” to
hide information:

Definition 3.2. For arbitrary j € N we write [j] := 071. Fori € [1,k] we define:
L;:= {E}U{[j()][]k] |j07---;jk eN Cl,ndjo :]z}
All the languages defined in the previous definition are unambiguous.

Definition 3.3. We define:

— The formal power series T, ==Y, cp« R (w) N L| - w.

The substitution op, : A* — 207N given, by
on(a;) == {h(a;)} L; for alli € [1,k].

— The homomorphism fill, : I' — (I"U{0,1})* defined by
Jill,(X) := X[g)**! forall X €T

The homomorphism codey, , : A* — (I"U{0,1})* defined by
coden, p(a;) == h(a;)[pllg]* " [pl[q)*~* for all i € [1,k].

Words in o,(L) can be broken into blocks and subblocks. A block is an element
of on(a;) for some i € [1,k]. They are numbered from left to right beginning
with 1. The blocks are uniquely determined since they have the form ['{0,1}*
and do not end before the end of the word or the beginning of the next block. A
subblock is a word of 0*1 not immediately preceded by a 0-symbol. The subblocks
are numbered from left to right beginning with 0.

The main idea of this work is outlined as follows: For each w € I'* the
coefficient 7y, r,(w) is the number of words in L which are mapped by h onto w.
Thus it can be seen as the degree of information hiding induced by h on L. The
mapping codey, 5, is injective since the mapped symbol is coded in the blocks of 0-
and 1-symbols trailing the image under h. Now for each u € A* both codey, ,(u)
and (fill, o h)(u) are elements of oy, (u). Thus o (u) contains at the same time
words which allow to retrieve v and words which hide all information about «
but h(u). Let G be an arbitrary cf grammar generating op(L) and let v € L.
We will see that for large enough p € N the set Ag contains a derivation tree
with frontier (fill, o h)(u) obtained by pumping a derivation tree with frontier
codey, p(u). Assume w = h(uq) = h(ug) for two different words uy, us € L. Then
there are derivation trees w; and ws, both having the frontier ﬁllp(w) obtained



by pumping up trees with frontiers codey, ,,(u1) and codey, ,(u2), respectively. The

main point of Theorem 3.6 is to show that these trees cannot coincide. Thus the

“information hiding” which h induces from the “outside” of L is an inherent

feature of oy, (L) “carried out” by the “internal pumping structure” of o (L).
As an immediate consequence of the definition we observe:

Lemma 3.4.

(1) Vu € A* : op(u) N T = {h(u)} and
(2) {h(a;)}L; = on(a;) is an unambiguous cf language for all i € [1,k].

Definition 3.5. For each i € [1,k] let G; = (N;, " U{0,1}, P;,a;) be an un-
ambiguous cf grammar generating oy (a;). Further let G, = (N, A, Pp,S) be
an unambiguous cf grammar generating L, such that Ny,..., Ny, and N are
pairwise disjoint. We compose the cf grammar:

G(h, L) := (Np U (Uien i Ni), I'U {0, 1}, P U (Usep 1 P2), S)-
Note that L(G(h, L)) = on(L).
Theorem 3.6. The substitution oy, has the following properties:

(1) For allv € (I'U{0,1})* we have
h,(Tr () = de(n,0)(Tr(v)) = de(n,z)(v)-

(2) For each cf grammar G’ such that op(L) = L(G’) there is a constant p € N
such that ry, r(w) < dg (fill,(w)) for all w € I'™*.

The proof of Theorem 3.6 contains all the definitions and lemmas until The-
orem 3.15.
Proof of Theorem 3.6 part (1): Each derivation tree p € Ag(y,1) consists of
a partial derivation tree p’ € Ag, C Agn,r) appended with subtrees belonging
to Uiep, kA, C Ag(n,)- We often need to refer to the remainder tree p’ in the
sequel. Therefore we define:

Definition 3.7. The G remainder of a derivation tree p € Agn,1), denoted
by rem(p), is the uniquely defined derivation tree in Ag, obtained from p by
truncation of all phrases [j,j'] for which plj,j'] € Uien nQa, -

Lemma 3.8. For all p € Agn, 1) the statement |(p) € on((l o rem)(p)) is true.

Proof. The expression o ((| orem)(p)) describes the set of words in oy, (L) which
are frontiers of those derivation trees in Ag(;, 1) having the G, remainder rem(p).
Obviously p is such a tree. Therefore |(p) € o ((] o rem)(p)). O

Lemma 3.9. Forw € I'* and p € Ag,1)(w) we have (Lorem)(p) € h™ (w)NL.

Proof. Let w € I'* and p € Ag,r)(w). By definition rem(p) € Ag,. Thus
(| o rem)(p) € L. It remains to show that (| o rem)(p) € h~!(w). By Lemma 3.8
we obtain w = [(p) € o ((] o rem)(p)). Since w € I'* we obtain w € op,(u) N 1™
for u := (| o rem)(p) € A*. Then w = h((] o rem)(p)) follows by Lemma 3.4.
This implies h=1(w) = (h=t o h)((| o rem)(p)) > (| o rem)(p). O



Lemma 3.10. For arbitrary v € (I' U {0,1})* the restriction of rem to the set
Ac(n,1)(v) is injective.

Proof. Let rem(p) = rem(p’) for some p, p’ € Ag(n,r)(v) and let n = [rem(p)|.
We can retrieve rem(p) from p and p’ by truncation of all those phrases which cor-
respond to subtrees with roots in A. Let p1,...,pn € UicpQa, and pi, ..., p),
€ Uieni,k]Qg, be these subtrees for p and p’ in a left to right order, respectively.
For all i € [1,n] we observe (p;) = 1(p}). Thus p; and p; both must be generated
by the same grammar G, for some j; € [1, k]. Since p; and p} generates the i-th
block of v we have |(p;) = |(p}) as well. But G, is unambiguous for all ¢ € [1,n].
Hence p; = p} and we finally obtain p = p'. a

Definition 3.11. For all i € [1,k] let w; € Ag, be a derivation tree such that
w;) = a; and | (w;) = h(a;). Trees with these properties must exist, since h(a;) €
on(ai) = L(G;). The homomorphism append : Ag, — Agm,r) is defined by
append(p) = p if p € Pr, and append(a;) = w; for all i € [1,k].

Note that for all p € Ag, we have (| o append)(p) = (h o |)(p). Since p =
rem(p) and the G, remainder is invariant under appending trees we observe that
append is injective.

Lemma 3.12. For allw € I'* the restriction of (| orem) to Ags,1)(w) is onto
h=t(w)N L.

Proof. Let uw € h™'(w) N L. Since u € L there is a p € Ag, with u = [(p).
Since all the symbols and productions of G, are contained in G(h, L) we obtain
p € Agn,r)- Let p' == append(p) € Agn,ry- Obviously p = rem(p'). Therefore
u = |(p) = l(rem(p")) = (| o rem)(p’). It remains to show that |(p') = w.
Since u € h~!(w) we have h(u) = w and eventually [(p’) = |(append(p)) =

(L o append)(p) = (ho 1)(p) = h(L(p)) = h(u) = w. O
Lemma 3.13. The equation 4 1(w) = dg,1)(w) holds for all w € I'*.

Proof. Since rp (w) = [h~H(w) N L| and dg,1)(w) = [Agn,r)(w)] it is suffi-
cient to show that the restriction of (] o rem) to Ag(s,r)(w) is a bijection onto
h=(w) N L. Let (| o rem)(p) = (1 o rem)(p') for some p,p’ € Ag 1) (w). Since
rem(p), rem(p’) € Ag, and G is unambiguous, rem(p) = rem(p’) follows. By
Lemma 3.10 this implies p = p. Hence the restriction of (| o rem) to Ag(s,r)(w)
is injective. Moreover by Lemma 3.9 it is a mapping into h~*(w) N L, and by
Lemma 3.12 it is a mapping onto A~ (w) N L. a

Lemma 3.14. The inequality dgp,r)(mr(v)) > dgn,n)(v) holds for all v €
(ru{o,1})*.

Proof. Since dg(n,1)(v) = |Agn,r)(v)] and dan,L)(7r(v)) = [Agn,L)(Trv))];
it suffices to show that the restriction of (append o rem) to the set Ag,ry(v) is
an injection into the set Agp, ) (7 (v)). First we show that this mapping is into
Agn,y(mr(v)). If Agen,ry(v) = 0 this is trivial, otherwise let p € Agp,1)(v).



Since rem(p) € Ag, we obtain (| o rem)(p) € L C A*. Thus we can write
(lorem)(p) = aj, - - - a;, for some ji,...,J, € [1, k] and some n € N. By Lemma
3.8 we obtain:

mr(L(p)) € mr(on((l orem)(p))) C mr(on(aj, ---aj;,))
C  wr(h(a;){0,1}" -~ h(a;,){0,1}) = {h(ay, -~ a;,)}

By the use of v = |(p) this implies:

mr(v) = 7r(l(p)) = haj, -~ aj,) = h((] o rem)(p))
= (hol)(rem(p)) = (| o append)(rem(p))

Therefore (append o rem)(p) € Ag,r)(7r(v)). It remains to show that the
restriction of (append o rem) to Ag(p,r)(v) is injective. This follows by Lemma
3.10 and the observation that append is injective. a

— |((append> rem)(p)).

Lemma 3.13 and Lemma 3.14 immediately imply part (1) of Theorem 3.6. O

Proof of Theorem 3.6 part (2): Assume G’ is a cf grammar such that L(G’) =
on(L), p is the maximum of 3 and the pumping constant of G', ¢ := p! 4+ p, and
w € I'*. Obviously codep ,(h™!(w) N L) C op(L). In case h=(w) N L = 0 the
inequality of Theorem 3.6 part (2) is trivially satisfied. Now assume h~!(w)NL #
0. Let w € h='(w) N L and n := |w|. Then for some ji,...,j, € [1,k] we have:

coden, () = h(az, ) plla ' plla]* 7 - b, ) plla’ ~ plla)* .

We say that an interval of a derivation tree lies within a subblock (block) if
the corresponding nodes do not contain any leaf belonging to another subblock
(block). We prove by induction that for each i € [0, n] there is a derivation tree
pi € Agr such that

l(pt) = (ﬁllp © h)(a’jl e aji) ’ COdeh,P(ajHl U a’jn)

and for each m € [1,4] the derivation tree p; has a pumping phrase allowing
to pump the same number of 0-symbols into the 0-th subblock and the j,,-th
subblock of block m jointly. For i = 0 we only have to show that codey, p(u) =
1(po) for some py € Ags. This follows by codey, ,(u) € op(L) = L(G"). Assume
the statement is true for ¢ — 1. Then there is a derivation tree p;_1 € Ags with
the required phrase structure and the sentential form:

l(ﬂi—l) = (ﬁllp © h)(ajl e a’j’i—l) : h(ajb)[g] [q}ji_l[p] [q]k_ji : COdeh,P(ajHl T ajn)'

The 0-th subblock of the é-th block in |[(p;—1) is underlined to indicate that the
leaves of p;_; forming the 0-symbols of this subblock are marked. According
to Ogden’s Lemma 2.3 the tree p;—1 = af~dn for some a, §,7v,6,n € TE, such
that af!yd'n € Ag: for each I € N. Moreover 3§ must contain at least one
marked position and at least one of the intervals 75 := [|a| + 1, |a8|] and 75 :=
[laBy| + 1, |aBvd]] lies within the 0-th subblock of block 4. Let 7 := 75 if 73 has
this property and 7 := 73 otherwise.



By the choice of p and ¢ the insertion of at most p many 0-symbols into
a subblock [p] yields a subblock shorter than [¢]. We will implicitly apply this
argument in the sequel.

Assume 7 is not within the i-th block, i.e., it is outside or it overlaps with
block 7 and some neighbouring blocks. Let i’ = i + ¢ where ¢ is the number of I’
symbols in 3 if 7 = 75 and i’ := i otherwise. Then block i’ of | (a3%*yd%n) equals
block i of |(afv0n), except for a proper insertion of at most p many 0-symbols
in the 0-th subblock of block i’. Therefore within block ¢’ the 0-th subblock does
not agree with any other subblock.

Now assume 7 lies within block i. Then it cannot contain a 1-symbol because
otherwise the i-th block of | (a3?v§n) would contain more than k+ 1 subblocks.
Hence each of 74 and 75 lie within one subblock of the i-th block. We can easily
verify that | (a3%y6%n) does not contain more than 2p occurrences of 0-symbols in
the 0-th subblock of block 7 in this case. This implies that 75 lies within the 0-th
subblock and 75 within the j;-th subblock of block 7 and 1 < |[(8)] = |1(§)] < p.
Thus for [ = p! - |[(B)|~! + 1 the derivation tree p; := a3'y6'n has the property
L(pi) = (fill, o h)(ayj, - aj,) - coden p(aj,+1---aj,). Now p; contains a pumping
phrase allowing to pump the same number of 0-symbols into the 0-th subblock
and into the j;-th subblock of block i jointly. Moreover the pumping phrases of
p; to the left of block 7 are the same as in p;_;, which completes the induction.

Eventually for ¢ = n we obtain a derivation tree p,, with the frontier |(p,) =
(fill, o h)(u) = fill,(w) and the claimed phrase structure starting from an arbi-
trary word of codey, ,(h™'(w) N L). It remains to show that two trees obtained
in this way beginning with different words in h=!(w) N L cannot coincide. Let
uy,us € h~1(w)N L be two different words and let w; and ws be the correspond-
ing derivation trees obtained by the pumping sequence described above. Then
wy and wp both generate fill,(w). Assume w; = wsy. Since h is length preserv-
ing we observe |ui| = |ua|. Therefore u; and usy differ in at least one position
i € [1,|u1]]. Then a; = u1[i] # uz[i] = a; for some j,j" € [1,k]. W.Lo.g. we
assume j > j'. Then w; contains a pumping phrase ¢; allowing to pump the
0-th subblock and the j-th subblock of block i jointly and it contains a pumping
phrase ¥ allowing to pump the 0-th subblock and the j’-th subblock of block
7 jointly. Pumping once w; corresponding to 1¥; we obtain a derivation tree w’
with a word 8 € (P U {0})* inserted to the left of ¥5. Since 8 does only con-
tain leaves labelled with O-symbols ¥5 is shifted to the right, but remains within
the same subblock as in w;. Thus in w’ it is still possible to pump the 0-th
subblock and the j’-th subblock of block 7 jointly. This pumping yields a deriva-
tion tree w” for which the 0-th subblock of block i does no longer agree with
any other subblock of block ¢, which is a contradiction. Hence w; # ws. This
implies that fill,(w) can be generated by at least |codep ,(h™"(w) N L)| many
different derivation trees. Moreover since codey, ;, is injective we finally obtain
de (fill,(w)) > |codep , (b~ (w) N L)| = |h=" (w) N L| = rp 1 (w). O

Theorem 3.15. The context-free language oy, (L) is 7, 1,-ambiguous.

Proof. Recall that L(G(h, L)) = o,(L). Now Theorem 3.6 (1) implies:



max{dgn,1)(v) | v € (I'U{0,1})="}

> max{dgp,ry(w) | w € r=ry
)(

) (

3:6 maX{dg(}hL WF(U)) | NS (F U {Ov 1})§n}
2 maX{dG(h’L U) | v e (F U {07 1})§n}

Hence all the expressions above are equal and again by Theorem 3.6 (1) we
obtain:

P, (n) = max{ry o (w) | w € ="} = max{dgs, ) (w) | w € 1"}
= max{dg(h,L)(v) ‘ v E (F @] {0, 1})§n} = dg(th)(n)

Thus G(h, L) is appropriate to satisfy property (1) of Definition 2.1. By Theorem
3.6 (2) we obtain that for each cf grammar G’ such that L(G’) = op,(L) there
is a p € N such that for all words w € I'* we have 7y, 1 (w) < dg(fill,(w)). This
implies 75, 1. (Jw|) < cigx(|ﬁllp(w)\) = dg (c-|w|) where ¢ = 1+ (k+1)(p! +p+1).
Thus o, (L) and 7, 1, satisfy property (2) of Definition 2.1. O

4 Applications

4.1 Census Functions

Definition 4.1. Let L C A* be a formal language. The census function vp, :
N — N s defined by vr,(n) := |A™ N L|, and the function 4y, : N — N is defined
by 41 (n) := max{yy(?) | i < n}. The homomorphism hide : A* — {$} is defined
by hide(X) :=$ for all X € A.

Theorem 4.2. Let L C A* be an unambiguous context-free language. Then
Ohide(L) is 41,-ambiguous.

Proof. By Theorem 3.15 the language opige(L) i Thige, ,-ambiguous. We get
Phide,r.(n) = max{raige,r(w) | w € AS"} = max{|hide” ! (w) N L| [ w € AS"} =
max{|A‘“’| NL| |w € AS"} = max {|AT N L] }j <n} = max {v.(j) ‘j <n} =
Az (n). 0

Corollary 4.3. There is an unambiguous context-free language L such that L™
is exponentially ambiguous and L* is ©(n*~1)-ambiguous for each k € N\ {0}.

Proof. Let {a,b} be an alphabet. We observe that (a4p)+5(n) = [2"7'] and
Y(arpyk(n) = (Zj) for each k € N\ {0}. Using Theorem 4.2 we obtain that
Ohige((a+b)*b) is 2" ]-ambiguous and opqe((a*b)*) is (}~})-ambiguous. Thus
onige((@*b)!) is unambiguous. Finally since opiqe is @ homomorphism we imme-
diately get opige((a + b)*b) = onige((a*0)T) = (Ohige(a*b)) T and opige((a*b)*) =
(ohide(a*b))k. Thus L := opig.(a*b) is a language with the required properties.
O



4.2 Cycle-free context-free Grammars

In this part our aim is to find out when the ambiguity function of a cf grammar
is inherent for some cf language.

Definition 4.4. A ¢f grammar G = (N, A, P, S) is in Greibach-normal-form if
PCN x AN*

For cf grammars in Greibach-normal-form the parse of each derivation tree
has the same length as its frontier. Moreover the i-th symbol of the frontier is
uniquely determined by the i-th symbol of the parse. This implies the following
lemma:

Lemma 4.5. Let G = (N, A, P,S) be a ¢f grammar in Greibach-normal-form
and hg : P* — A* the length preserving homomorphism defined by ha(p) == X,
for each p € P where X,, is the terminal at the beginning of p’s right-hand side.
Then |(p) = ha(parse(p)) for all p € Ag.

Theorem 4.6. Let G = (N, A, P,S) be a context-free grammar in Greibach-
normal-form, and he defined as in Lemma 4.5. Then the context-free language
Ohe (parseq(Ag)) is dg-ambiguous.

Proof. Let L := parses(Ag) and h := hg.

Ph,n(n) = max?h_l(w) NL| | w e AS"}
—max {|{pe Ac|l(p) =w}||we A"}
= max {dg(w) | w € AS"} = dg(n).

By Lemma 2.2 the cf language parses(Ag) is unambiguous. Moreover hg is
length preserving. Thus the claim follows by Theorem 3.15 a

Let us consider the ambiguity function of an arbitrary cycle-free cf grammar
G = (N,A P S). If A= 0 then L(G) C {e} and G has a constantly bounded
ambiguity function, which is an inherent ambiguity function. If A # () we can
find an e-free cycle-free cf grammar G’ such that L(G’) = (L(G)U{a})\ {e} for
some a € A, such that dg(n) = dg(n) for all n € N\ {0}. It can be shown that
G’ can be transformed into an equivalent cf grammar G’ in Greibach-normal-
form which has the same characteristic ambiguity power series as G'. Then by
Theorem 4.6 the language oy, ., (parseg. (Agr)) is d¢r-ambiguous. By inspection
of Definition 2.1 we can easily verify that this also implies dg-ambiguity for
Ohen (parsegn(Agr)). Therefore dg is an inherent ambiguity function.

Now we consider an arbitrary inherent ambiguity function f. Then there is an
f-ambiguous cf language L. Since symbols which cannot occur in any derivation
tree do not contribute to the ambiguity function there is a reduced cf grammar
G such that dg = f and L = L(G). We assume G is cyclic. Then there is a
word w which has infinitely many derivation trees. Thus f(Jw|) = oco. But each
cf language can be generated by a cycle-free cf grammar. Since they do not have
an infinite number of derivation trees for any word f cannot be inherent for L,
which is a contradiction. Hence G is a cycle-free cf grammar. Therefore f is the
ambiguity function of a cycle-free cf grammar. This finally implies:



Theorem 4.7. The set of ambiguity functions for cycle-free context-free gram-
mars and the set of inherent ambiguity functions coincide.

5 Conclusion

It has been shown that the loss of information induced by a length preserving
homomorphism can be turned into inherent ambiguity. The result has been used
to prove that:

— The least monotone function 4 larger than or equal to the census function
of an arbitrary unambiguous context-free language is an inherent ambiguity
function.

— The set of ambiguity functions for cycle-free context-free grammars and the
set of inherent ambiguity functions coincide.

The latter result is particularly useful for future research. As was mentioned
in the introduction some examples of languages with sublinear ambiguity have
recently been discovered. But a characterisation of the obtainable ambiguities
is still missing. The author conjectures that context-free languages with infinite
sublogarithmic ambiguity can be found. To prove that a given function f is
an inherent ambiguity function, with the result of this paper, it is sufficient to
find an f-ambiguous cycle-free context-free grammar. Finally we can raise the
question whether each context-free language is f-ambiguous for some function f.
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